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ABSTRACT We develop and test a Poisson-Boltzmann model of the electrostatics of the B-Z transition of DNA. Starting from
the detailed geometries of the two forms, we compute at each radius the fractions of DNA matter, of volume forbidden (for
nonpointlike ions), and of volume accessible to the center of ions. These radial distributions are incorporated in a composite
cylinder model; availability to ions (porosity) and the dielectric constant at each radial distance are then obtained. The phosphate
charge is distributed with cylindrical symmetry on two layers at the appropriate radial distances. The porous sheath, between
the axis and the charge distribution, provides much more room for ions in B-DNA than in Z-DNA.

By using previously developed methods, the Poisson-Boltzmann problem of such cylinders is easily solved. The computational
load is small, so that results can be obtained for a large set of salt concentrations and for a number of ionic radii. The variation
of the electrostatic free energy difference with salt concentration compares favorably with the experimental value (it is half as
large). There is also qualitative agreement with experiments on supercoiled DNA, including a maximum of the free energy
difference at submolar salt concentrations.

The results for this cylinder with porous sheath are in line with those of the earlier simple planar model and of a plain cylinder
with sheath, which is aiso presented here. They are thus insensitive to details of the model. They support the proposition that
the main electrostatic feature of the B-Z transition is the better immersion of the B-DNA phosphates into the solution. They also
give confidence in the validity of the Poisson-Boltzmann approach, despite the large salt concentrations involved. Prior studies

using an approach based on the potential of mean force are discussed.

1. INTRODUCTION

1.1. The Poisson-Boltzmann theory of the simple
cylinder

In the study of polyelectrolytes in solution, both the geometry
and the electrostatics are subject to drastic simplifications. If
the solution is described as made of ions in a continuous
solvent and if one ignores the correlations between ions due
to their finite size and to their electrostatic interactions, one
obtains the Poisson-Boltzmann equation.

The polyelectrolyte solute may be represented as a solid
cylinder with a uniform superficial charge density s (Fuoss
et al., 1951). This defines the electric field at the surface.
With the further condition that the potential is zero at infinity,
the electrostatic problem is completely defined. It can be
solved by numerical integration. In particular, one obtains the
surface potential, from which the free energy is computed by
a charging procedure (Fixman, 1982).

The theory of such a simple cylinder can be described with
reference to two limiting cases for which an analytical ex-
pression and a simple description of the surface potential are
known. One limit is that of the weakly charged cylinder and
the corresponding linearized Poisson-Boltzmann (or Debye-
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Hiickel) theory; the required nonlinear corrections for
strongly charged cylinders have been tabulated (Stigter,
1975). The other limit is that of a plane (a cylinder with zero
curvature) having the same superficial charge density as the
cylinder; the correction to the surface potential for finite cur-
vature is obtained approximately in a perturbation frame-
work and expressed algebraically (Weisbuch and Guéron,
1981, 1983). Based on such procedures, we have also derived
algebraic formulas that provide an excellent approximation
to the free energy of cylinders, whether highly or weakly
charged (Guéron and Demaret, 1992a).

In the case of a highly charged cylinder, one finds that
one-half of the polyelectrolyte charge is neutralized by
counter-ions within a layer, the thickness Th of which is
largely independent of the salt concentration, being approxi-
mately equal to a/(z§), where a is the cylinder radius, z is the
counter-ion valency, and £ is the linear charge parameter, that
is, the number of electronic charges within the Bjerrum
length I5 (0.72 nm; see below) along the cylinder axis (£ =
4.2 for B-DNA). The counter-ion concentration in the im-
mediate vicinity of the polyelectrolyte surface (Cyy) is also
nearly independent of the salt concentration. It is about 4
mol/liter for DNA (Guéron and Weisbuch, 1980).

The use of the Poisson-Boltzmann theory may be criti-
cized since, being a mean-field theory, it ignores the corre-
lations between ions due to their finite size and their elec-
trostatic interaction. However, this is known to be less
significant for the properties of polyelectrolytes in solution
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than for those of ionic solutions (Fixman, 1979). The model
also ignores the detailed geometry of the polyelectrolyte, the
chemistry of its charged groups, and the finite size of the
water molecules. Within the Poisson-Boltzmann framework,
these properties may be partially taken into account by modi-
fications of parameters such as cylinder radius and linear
charge density, and perhaps, in a more refined treatment, by
the use of a distance-dependent dielectric constant for the
solvent (Hingerty et al., 1985). As long as one does not search
for detailed quantitative results, which in any case are often
out of reach for reasons of complexity rather than principle,
such refinements may not be required.

The Poisson-Boltzmann/simple cylinder model has been
applied to many questions, including the influence of shape
on the properties of highly charged polyelectrolytes and the
concentration of counter-ions at the polyelectrolyte surface
in solutions of monovalent ions or in solutions containing
both monovalent and divalent cations (Guéron and Weis-
buch, 1980). Local interactions wjth counter-ions may be
modeled after those occurring between an isolated monomer
constituent of the polyelectrolyte and counter-ions in a so-
lution, the concentration of which is the surface concentra-
tion just mentioned. The model also provides for the inter-
pretation of colligative properties (Guéron and Weisbuch,
1979).

The results are generally in fair agreement with experi-
ment because the model accounts for the main feature of the
system: an enhanced counter-ionic concentration near the
polyelectrolyte. But one must be aware that the experiments
generally involve features other than the strictly electrostatic
ones and therefore do not provide a severe test of the model.

On the other hand, there is no reason to expect that the
simple cylinder is adequate for studying the effects of struc-
tural variations of the polyelectrolyte, since it can describe
them only through changes in radius and linear charge. The
B-Z transition of DNA (Pohl and Jovin, 1972; Pohl, 1983)
is an example of such a structural variation, which the simple
cylinder model fails to describe (Soumpasis, 1984; Frank-
Kamenetskii et al., 1985). But, as we shall see, the variations
can be incorporated into a modified model, without aban-
doning either the cylindrical symmetry or the Poisson-
Boltzmann theory.

1.2. The B-Z transition

The transition of double-stranded DNA (d(CG), sequences)
between right-handed B-DNA and left-handed Z-DNA
(Wang et al., 1979) at high salt concentrations provides an
interesting test for polyelectrolyte theories. From measure-
ments on synthetic fragments of different lengths, one ob-
tains the free energy difference (FED) between the B and Z
forms as a function of the salt concentration (Pohl, 1983). If
the effect of salt is mainly electrostatic in origin, so is the
variation in the FED, and electrostatic theories may be
checked against it. It is unfortunate that the range of salt
concentrations accessible to such studies is limited (1-5 M)
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and that comparable explorations at different temperatures or
with different salts have not been reported.

The B-Z equilibrium is sensitive to other parameters, such
as temperature (Behe et al., 1985), pressure (Krzyzaniak et
al., 1991), the composition of a water-alcohol solvent (Pohl,
1976), bromination of guanosine (Lafer et al., 1981),
5-methylation of cytidine (Behe and Felsenfeld, 1981), as-
sociation with proteins (Lafer et al., 1986), or supercoiling
by inclusion of the d(CG), sequence in circular DNA (Stirdi-
vant et al., 1982). The Z form is also reported in low con-
centrations of multivalent ions (Van de Sande et al., 1982)
and of monovalent ions (Ivanov et al., 1987; Sigi et al,,
1991).

On the theoretical side, it has been proposed that the pref-
erence for the Z form in high salt is due to screening of the
repulsion between phosphate charges, some of which are
closer in the Z form than in the B form (Amott et al., 1975;
Wang et al., 1981). Quantitatively, the B-Z transition has
been studied using the Poisson-Boltzmann/simple cylinder
model (Frank-Kamenetskii et al., 1985). The variation with
salt of the electrostatic free energy of the Z form with respect
to the B form in high salt was dependent on the choice of the
cylinder radii. At best, the computed increase in the stability
of the Z form was 50 times smaller than what was observed.
At very low ionic strength, the Z form was also favored.

Previously it had been proposed that the electrostatic and
geometric imperfections of the Poisson-Boltzmann/simple
cylinder model could be too severe for the treatment of the
B-Z transition (Soumpasis, 1984). The DNA charge was
therefore represented in more detail, as hard spheres located
at each phosphate position. However, the rest of the molecule
was omitted and replaced with solution. The free energy was
computed using a potential of mean force theory to account
for inter-ionic correlations. The variation of the electrostatic
FED could be fitted to the high-salt experiment by an ap-
propriate choice for the distance of closest approach between
ions.

1.3. Scope of this work

The motivation for the present work was the belief that more
attention should be given to the major geometric features of
the transition and that a simple electrostatic theory would
suffice (Guéron and Demaret, 1992b). Our approach to the
geometric and electrostatic approximations is based on three
considerations:

(a) Regarding the DNA geometry: one should treat with
particular care the differences between B-DNA and Z-DNA.
One difference that is conspicuous on the crystallographic
structures is that the grooves are larger in B-DNA; there is
more room for water and counter-ions. The phosphates, be-
ing located at the rim of the grooves, are further from the
neutral DNA core. They are better immersed in the solution
and therefore more susceptible to screening by counter-ions
than in the Z form. Better screening should increase the
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relative stability of the B form in medium salt (versus high
salt), thus providing a qualitative explanation for the B-Z
transition.

(b) In contrast to this effect of neutral DNA matter on the
relative disposition of counter-ions and phosphates, the other
geometric and electrostatic factors affecting correlations be-
tween ions (i.e., between a counter-ion and a phosphate, be-
tween two counter-ions, etc.) are similar for B-DNA and
Z-DNA, and their effect on the free-energy difference should
be smaller.

(¢) The two features just described are not related to any
micromolecular feature of DNA geometry. They can there-
fore be incorporated into a cylindrical model obtained by
cylindrical averaging.

These considerations suggest that the Poisson-Boltzmann
theory of an appropriate cylindrical model should be able to
describe the B-Z transition. This was indeed shown recently
for a crude but easily computed model, one where B-DNA
and Z-DNA were replaced by charged planes with two or one
sides, respectively, in the solution (Guéron and Demaret,
1992b). In the present paper, we develop cylindrical models
that are appropriate for the study of the B-Z transition. Our
goal is not to improve on the result of the planar model.
Rather, we want to demonstrate that success persists in a
more refined—if more complex—model of DNA geom-
etries: the “composite cylinder.” A second goal of the study
of the composite cylinder is the investigation of the relative
stability of B- and Z-DNA in low salt (<1 mM), for which
the planar model is inadequate. Last, the successful treatment
of the B-Z transition suggests that the composite cylinder
model provides a good electrostatic description of DNA and
may therefore be useful for other problems.

In section 2 we examine the geometries of B- and Z-DNA.
We determine the radial distributions of DNA matter and of
solution, distinguishing between the volume accessible to the
center of an ion and that inaccessible to it. As expected, the
accessible volume between the DNA axis and the phosphate
charges is distinctly larger for B- than for Z-DNA. The nu-
merical measurements are carried out for four values of the
counter-ion radius. The results are used for the development
of two composite cylinder models of DNA.

The first model, the composite cylinder with a core and a
sheath (CS), has an impenetrable core, surrounded by a
sheath of solution within a charged cylindrical surface. The
second model, the composite cylinder with a core and a po-
rous sheath (CPS), provides a more detailed representation
of the radial distributions of DNA charge, of DNA neutral
matter, and of the volume inaccessible to counter-ions.

In section 3, we develop the electrostatic theory of the CS
and CPS models and compute the potential at the charged
surfaces. The computation also provides the ionic content
within the sheath and hence the net charge of the composite
cylinder. In section 4 we compute the free energy of the
models, apply the results to the B-Z transition, and compare
them to the experimental data. In section S the usefulness of
the Poisson-Boltzmann theory and of composite cylinder
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models is discussed on the basis of the present results and of
those obtained with other models.

2. CYLINDRICAL AVERAGING OF THE B-DNA
AND Z-DNA GEOMETRIES

2.1. DNA geometry

We first consider the location of DNA charges. The charge
of a phosphate group is mostly located on the two singly
liganded oxygens. The radial distances of their centers,
which we shall consider to be the location of a charge e/2,
are given in Table 1, derived from the crystatlographic data
(Amott et al., 1975; Wang et al., 1981). The latter correspond
to Z-DNA type I; type I is not considered here. In B-DNA,
there are two different radial distances. In Z-DNA, there are
four, because the guanosine and cytidine phosphate are not
placed equivalently.

In order to evaluate the space available to counter-ions, we
have determined the surface that limits the volume that is
inaccessible to the center of a counter-ion, using the Mo-
lecular Surface program of M. L. Connolly (1983). This pro-
gram rolls a sphere of given radius in contact with the atomic
DNA surface and records the surface generated by the center
of the sphere, as sketched in Fig. 1. In the case of a nearly
pointlike ion (r = 0.02 nm), the surface is close to that of
DNA itself. When the ion is larger (the radius is 0.095 nm
for sodium, 0.4 nm for hydrated sodium), parts of the inac-
cessible volume are occupied by water. The computations
were carried out on a model spanning two base pairs, but all
the geometric results (volumes, height 4 along the cylinder
axis) are expressed per base pair.

Fig. 2 displays the volumes accessible and inaccessible to
the center of an ion within a given distance of the DNA axis.
The volumes are represented in a derivative mode.

For example, the volume of DNA within the radius R cor-
responding to the label A (Fig. 2 @) is proportional to the area
limited by the horizontal axis up to A, the vertical line AB,
and the full curve connecting the origin O to B. The total
volume (wR?h) is represented by the area of the triangle OAE,
and the volume of solution corresponds to the area limited
by the full curve OB and the straight lines BE and EO. The
volume of solution is also the volume accessible to pointlike
ions. The volume accessible to the center of ions with a finite
radius is smaller; for ions of radius 0.235 nm it is represented
by the small area between OF, OD, and DE, and there is no
volume accessible at all to an ion of radius 0.4 nm.

The radial positions of the charged oxygens (r; to r, in
Table 1) are marked by arrows. A radius of charge b is defined
as the average of the four radii. A comparison of the two
panels in Fig. 2 shows that the volume V(b) available to the
centers of ions within the radius of charge b is larger in
B-DNA than in Z-DNA, mainly because b is larger in the
former (0.961 nm) than in the latter (0.667 nm). For an ionic
radius of 0.4 nm the volumes V(b) are 0.168 and 0.043 nm?
per base pair in B- and Z-DNA, respectively (Table 1). We
note that with an ionic concentration of 3.3 mol/liter, which
is in the range of the surface concentration for DNA, a vol-
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TABLE 1 Geometric parameters of B-DNA* and Z-DNA?

B-DNA Z-DNA
r$ 0.892 0.649
ra 1.029 0.669
rs 0.892 0.684
ra 1.029 0.860
b 0.961 0.716
bl 0.667
Axial height h 0.338 0.372
Ion radius** 0.02 0.095 0.235 0.4 0.02 0.095 0.235 0.4
X# 0.505 0.608 0.836 1.204 0.505 0.645 0.923 1.371
V(b)s® 0.511 0.461 0.335 0.158 0.212 0.157 0.105 0.025
X(b) 0.469 0.519 0.645 0.822 0.386 0.441 0.493 0.573
Xou(b) 0.036 0.089 0.191 0.382 0.119 0.204 0.430 0.798
w(b") 0.172 0.131 0.089 0.016
X(b") 0.348 0.389 0.431 0.504
Xoudd') 0.157 0.256 0.492 0.867
V(rs) 0.386 0.302 0.166 0.069
X(ry) 0.478 0.562 0.698 0.795
Xoulra) 0.027 0.083 0.225 0.576

*Derived from Arnott et al. (1975).

*Derived from Wang et al. (1979).

SRadial distance of charged phosphate oxygens. All distances are in nm.
TAverage of 74, 12, 13, 74.

IAverage of ry, 1z, r3.

**The four columns correspond successively to ionic radii of 0.02 (“pointlike” ion), 0.095 (sodium), 0.235, and 0.4 nm (hydrated sodium).
Y is the total volume forbidden to the centers of ions. For ions of 0.02 nm radius, this is close to the volume of DNA. Volumes are in nm?, for an axial

height of one base pair.

$$Volume accessible (V) and not accessible (X) to centers of ions within radii b, b’, and r4. X,u(x) is the nonaccessible volume beyond radius x.

ume of 0.5 nm? contains one ion, equivalent to one-half of
the phosphate charge of a base pair. Thus, the effect of the
ions within V(b) on the net charge of DNA should be sig-
nificant and much larger for B- than for Z-DNA.

As the ionic radius grows, V(b) becomes smaller. The cen-
ter of a bulky ion (e.g., » = 0.8 nm) would be kept further
from the axis than the phosphate charges, and simple cylinder
models would become appropriate.

2.2. Cylindrical models

In Fig. 2, we have a cylindrical average of the distribution
of matter in the atomic DNA geometry. We now describe two
cylindrical models that will be the subject of the Poisson-
Boltzmann analysis.

2.2.1. A cylinder with core and sheath: the CS model

In this model, the charges are represented by a uniform dis-
tribution on a single cylinder placed at their average distance,
b, from the axis. A sheath of solution, accessible to the centers
of ions, is located between an impenetrable cylindrical core
(radius c) and the b cylinder (Fig. 3). Beyond b, any volume
Xout(D) inaccessible to centers of ions (including DNA mat-
ter) is ignored and replaced by solution. The core radius is
chosen so that the volume of the sheath is equal to the volume
accessible to ion centers within b (i.e., V(b) as defined in
section 2.1). The core radius c is therefore derived by wh(b?

— ¢?) = V(b). With this definition, the core volume (whc?)
is equal, as it should be, to the volume that is inaccessible to
ion centers (the DNA volume, in the case of pointlike ions)
within radius b. The geometry is illustrated in Fig. 3.

The CS model is intermediate between the planar model
analyzed previously (Guéron and Demaret, 1992b) and the
model with porous sheath described below.

2.2.2. A cylinder with core and porous sheath: the CPS
model

This model provides a more detailed description of the dis-
tributions of charge and of matter. The charge is distributed
on two cylinders. For B-DNA their radii correspond to the
locations of oxygen, r; and r,, and each bears half of the
charge. For Z-DNA, three-fourths of the charge is on a cyl-
inder, the radius of which (b') is the average of the radii ry,
ra, r3, which are close together (Table 1). One-fourth of the
charge is on a cylinder of radius . The distribution of DNA
matter is the true cylindrical average depicted in Fig. 2.

The porous medium. In the simple cylinder model,
DNA matter defines the cylinder radius a, within which there
is no solution and hence no ions, and beyond which there is
no DNA matter. Hence the potential distribution beyond a is
unaffected either by the radial position of the DNA charges,
or by the properties (dielectric constant, etc.) of the DNA
matter. Ions of finite size alter this picture only by a dilation
of the cylinder.
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FIGURE 1 Representation of the internal and external volumes for a frag-
ment of an imaginary DNA-like polyelectrolyte. The helical axis and the
location of charges are indicated. The grooves give rise to a volume Vg,
accessible to ions, in the region closer to the axis than the polyelectrolyte
charges. Polyelectrolyte matter beyond the radius of the charges generates
a volume X, inaccessible to the center of ions. For a nearly pointlike ion,
Vsn includes the regions filled by tight and by loose horizontal lines; X,
is marked by checkerboards. For an ion of finite radius, V, is smaller (tight
horizontal lines) and X,,, is larger (checkerboards and squares).

In a more detailed model, however, the distribution of
DNA matter is important. On one hand, there is room for
counter-ions to be closer to the axis than are the charged
cylinders, the potential of which is thus reduced. On the other
hand, some regions between the charged cylinders, or be-
yond, may be occupied by DNA matter, so that they are
inaccessible to counter-ions. This will also affect the poten-
tial. In the CPS model, one finds at each radius three com-
ponents, in the proportions of the true cylindrical average
(Fig. 2). They are:

* DNA matter, for a fraction fpna(7);

* space that belongs to the solution but is forbidden to ion
centers, for a fraction fg,,(r); this fraction is zero in the
case of pointlike ions;

* and solution space accessible to ion centers, for a fraction

(1 - fona(r) = fror(7))-

The respective fractions can be read off Fig. 2. For in-
stance, in the case of B-DNA at radius R, fpna(R) is equal
to AB/AE; fior(R) is BC/AE for the naked sodium ion and
BD/AE for an ionic radius of 0.235 nm. The DNA radius, a,
defined as the radius beyond which only solution remains,
depends on the ionic radius (Fig. 2 and Table 1).

The mixture of three components constitutes a medium the
composition of which is a function of the radius. The medium
is locally homogeneous. It is porous, in the sense that it can
be penetrated by water and ions. The ionic concentration at
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radius ris [1 — fpna(r) — fio(r)] times that of the solution,
since the quantity in brackets is the fraction of the volume
accessible to ions.

Dielectric constant in the porous medium. Of the three
components of the porous medium (solution, volume for-
bidden due to finite ion size, and DNA matter), the first two
have the dielectric constant of water (D,,). In regions where
ions are present, the third component, DNA matter, comes
mostly from the hydrophilic backbone, the dielectric con-
stant of which is certainly larger than the value of 2 com-
monly used as an average for DNA matter. The value chosen
for Dpn 4 affects only weakly the average dielectric constant.
We choose Dpya = S arbitrarily.

The dielectric constant D(r) is the weighted average of the
dielectric constants of the three components

D(r) = Dpyy fona(r) + Dy (1 — fona(r) @

2.3. lon radius

The radius of a bare sodium ion is 0.095 nm, that of hydrated
sodium is 0.4 nm if electrostriction is ignored, and that of
nonhydrated chlorine is 0.181 nm. It is customary to consider
alkali cations to be hydrated and larger anions not to be.
Indeed, in the definition of the DNA surface, we assumed that
the phosphodiester anions, like the sugars and bases, were not
hydrated.

As for the cations, their full hydration is far from certain.
In crystals of ApU, sodium ions are directly coordinated, one
to a uracil carbonyl, one to a phosphodiester oxygen (Rosen-
berg et al., 1973). Dehydration of alkali cations (in contrast
to larger organic cations) in the vicinity of polyelectrolyte is
also indicated by the measurement of ion volume (Tondre
and Zana, 1972, 1975) and by theoretical studies (Prasad and
Pack, 1984; Pack et al., 1991). We choose 0.235 nm for the
Na™ radius, a value intermediate between those noted above.
We shall see that this choice has only a moderate effect on
the theoretical results, which can be tested presently.

The DNA model used here assumes a single value of the
radius for counter-ions and co-ions alike. An error in co-ion
radius, resulting from this contraint, is of little consequence
in low salt since the surface potential is large, so that the local
concentration of co-ions is small. But in high salt the error
in local co-ion concentration could be significant.

3. ELECTROSTATICS OF THE COMPOSITE
CYLINDERS: THE POTENTIAL

In section 4 we shall compute the free energy as the work
expended for charging the cylinder. This requires knowing
the potential at the charged surfaces during this process. If
£ is the linear charge parameter, we need to know the po-
tential for a linear charge s& with 0 < s < 1. We write u
instead of sé&.

3.1. Definitions

The polyelectrolyte charges are modeled as one or more con-
tinuous cylinders of charge, with a superficial charge density
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0. The linear charge parameter £ is defined by the charge &e
of a cylinder of height Ig, where lg is the Bjerrum length in
water:

Iy = €*/(4meyD, kT) = 0.72 nm, atT=293K

@
where e is the (negative) elementary charge. The linear
charge parameter relative to a cylinder of charge at radius b
is given by

& = 2migbaole. 3)
The Debye length, A, is given by
A2 =3 4mly (D, /D(r))n;z2. )

In water and at the molar salt concentration ¢,, (Which
corresponds to a number » of each ion per unit volume), one
has

A2 (nm) = 10.8 ¢ 2% 4)

We now restrict the analysis to the case of a salt in which
the anion and cation have the same valency z (a positive
number). We designate by ¢ the reduced potential, that is, the

potential times e/kT, where e is the electronic charge. With
this convention ¢ is positive for a polyanion. In the cylin-
drical geometry, the Poisson-Boltzmann equations are

(Ur) d(rD(r) d/dr)/dr = D(r)(A’z)~!sinh (z¢)  (6)

(dd/dr), = —4mly(D,,/D(r))ole = —2(D,,/D(r)éb (7)

In Eq. 6, the right side is the charge concentration divided by
€okT. The central expression in Eq. 7 is the electric field
discontinuity on crossing a charged surface with surface
charge density o. (The presence of the dielectric constant of
water in Eqs. 4 and 7 results from the definition of /g, Eq.
2. The product IgD,, is in fact independent of D,. And the
product A=2D(r) is independent of D(r).)

It is convenient to introduce the scaling length I, for the
variation of the electric field (5):

I, = (d/dx)/(d>ldx?). ®)

At the surface of a charged plane, the scaling length /% is
given by

(1/1)2 = (1/A)* + (1/Th)?, )]
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CS

' b =10.716 4

FIGURE 3 CS model of DNA (cylinder with sheath). The model includes
a core inaccessible to the center of ions and a sheath accessible to the center
of ions, within the charge radius. The radius of the core varies according to
the ionic radius. For each ionic radius, the volume of the sheath is larger for
B-DNA than for Z-DNA.

where the (positive) thickness Th is
Th = (27lyzo/e) L. 10)

The linear (Debye-Hiickel) and nonlinear regimes corre-
spond to Th > A and Th < A, respectively.

» The ionic charge concentration at the surface is equal to
—o/lt.

* A thickness /% next to the surface of the plane includes a
counter-ionic charge equal to o(e — 1)/e and 072 in the
linear and nonlinear limits, respectively.

These results are approximately valid for a strongly charged
cylinder (§ > 0.5) with the same surface charge density
s when the salt concentration is not too low. In the following
sections, we shall make use of an algebraic approximation
to the surface potential of a simple cylinder with radius b,
&(§, b), Eqs. A3-A6, based on earlier studies of the surface
potential, which are summarized in Appendix A.

Volume 65 October 1993

3.2. The cylinder with core and sheath

Let u be the linear charge parameter of the charged cylinder
surface (radius b) and ug, that of the ions contained in the
sheath; note that u > 0 and uy, < 0 for a polyanion. We
observe that starting at radius b, immediately beyond radius
b, the potential, field, and ionic distribution are the same as
if the entire charge ' = u + ug, were at the surface. In
particular, the potential ¢cg at radius b is equal to that of a
simple cylinder with linear charge parameter »’. Hence

bes(u,b,) = d(u',b) (11)

where ¢ is given by Eqs. A3-A6. For evaluating ¢cs(u,b) by
Eq. 11, one must know u’, or again ug,, the charge in the
sheath, which is in itself an interesting quantity. We therefore
derived an approximate formula for ug, (Appendix B, Eq.
B8). However, the error in this formula reaches 20%, and this
is too large for the present problem. We therefore use a dif-
ferent procedure, in which the surface potential ¢pcs(u,b.)
and the net charge ' are computed together, iteratively. This
procedure will also apply to the cylinder with porous sheath,
which is considered in the next section.

The procedure is based on the integration of the Poisson-
Boltzmann equation, starting from the surface of the core (r
= ¢) and up to the outer radius b. The surface of the core
being uncharged, the electric field at ¢ is zero. We guess the
value of the potential at ¢ and propagate it by a fourth-order
Runge-Kutta procedure up to r = b. The potential is con-
tinuous across b, but the field is discontinuous, with a jump
of ~2u/b. We thus obtain trial values of the potential and
electric field at » = b... These could be propagated on to
infinity, where they should become zero; if they did not, one
would repeat the computation with another starting value of
the potential at r = c, until the process converges. This is the
usual numerical procedure for solving the Poisson-
Boltzmann equations. It is rather slow, and care is required
to ensure convergence, particularly in very low salt. Instead,
we shall use our knowledge of the field and potential of a
simple cylinder of radius b, as follows. We use the trial value
of the electric field at b, to compute the linear parameter u’
of the total charge within radius b, by Eq. 7:

u' = —(b/2) dbes(u,b, )/dr. (12)

At b, and beyond, only solution is present. Therefore the
potential ¢cs(u,b.) should be equal to the potential of the
simple cylinder &(u',b), as stated in Eq. 11. If it is in fact
larger (or smaller) than ¢(u’,b), the computation is repeated
with a smaller (or larger) initial potential ¢cs(u,¢), until con-
vergence is obtained.

In this way we obtain the potential, the field, and the linear
charge parameter u’ at the charged surface. From the latter
we derive the charge parameter for the sheath ug,, which is
equal to ¥’ — u. The plots of —ug, versus u (Fig. 4) show
that the inner screening is quite significant and that it is larger
for B-DNA than for Z-DNA, as expected. The potential will
be used later to compute the free energy.
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S5M NaCl

5M NaCl

B-DNA

FIGURE 4 The ionic charge in the sheath as a function of the polyelec-
trolyte charge for the CS models of B- and Z-DNA, at various salt con-
centrations and for a 0.095-nm ionic radius. The charge in the sheath is much
larger in the case of B-DNA. The charges are represented by the corre-
sponding linear charge parameter (ug, u). The cross is the charge in the
grooves computed for an atomic B-DNA structure, using pointlike ions and
no added salt (see the Discussion section).

3.3. The cylinder with core and porous sheath

As in section 3.2, the potential is obtained by integration of
the Poisson-Boltzmann equations. Starting either from the
axis or from a radius so small that the ions within it can be
neglected, the integration takes place in the porous medium,
across the two charged surfaces and up to the radius a, be-
yond which only solution remains. In the porous medium, the
Poisson-Boltzmann is still given by Eq. 6, with the appro-
priate values of the dielectric constant and of the Debye
length /, namely, their weighted average over the three com-
ponents of the porous medium. The dielectric constant,
which appears on the left side of Eq. 6, is thus given by Eq.
1. On the right side, the product D(r)A~2 is proportional to
the ionic concentrations in zero potential (n;), as shown by
Eq. 4 for the case of a fluid. In the case of the porous medium,
where a fraction (1 — fpna(r) — fro(7)) Of the volume is
inaccessible to ion centers, the weighted average of the ionic
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concentration is reduced in the same proportion. So is A=,
the expression of which becomes therefore

A= amly (D, /D(r)) n,(1 — fona(r) — frn ()22 (13)

instead of Eq. 4. The Poisson-Boltzmann equation (Eq. 6) is
otherwise unchanged. The electric field discontinuity across
a charged surface is still given by Eq. 7. The discontinuities
of the field at the charged surfaces are

* for B-DNA,

—(1/2) = 2u(D/D(r,))/r,, located at r,,

and
—(1/2) * 2u(D,/D(r,))/r,, located at r?;
* for Z-DNA,
—(3/4) * 2u(D,/D(®'))/b'  ath’,
and
—(1/4) * 2 u(D,,/D(r,))/r, atr,,

where b’ is the average of ry, r,, and r3. The variation of the
dielectric constant is continuous and therefore creates no dis-
continuity in the field.

By integration one obtains values for the potential ¢cps
and the field at r = a. The total charge within radius a is

u' = —(a/2) ddps(u,a)ldr. 14)

The value of the potential ¢pcps(u,a) is compared to ¢(u’,a),
and the procedure is iterated, as in section 3.2.

3.4. The electrostatic free energy

The electrostatic free energy Fe, per unit charge (i.e., per
phosphate) is the work performed upon charging the com-
posite cylinder (Fixman, 1982). For Z-DNA and B-DNA in
the CS model:

1
Focs = kT f des(s€b) ds, (15)
0

where ¢cs(s€,b) is the relevant reduced potential (¢p*cs or
¢5cs) at radius b during the charging process, that is, when
the linear charge parameter is u = s§.

For B-DNA in the CPS model:

1
FeBI,CPS = kT f beps(s& 1) X (1/2) ds
0

+ eps (SE 1,) X (1/2)ds.  (16)
For Z-DNA in the CPS model:

1
FfI,CPS = kT J. beps(sE, b') X (3/4) ds
0

+ deps(s§, r,) X (1/4)ds.  (17)
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3.5. Propagation of errors

The free energies F%, and F”, (Eqs. 15-17) and their dif-
ference are affected by errors in the surface potential ¢cg or
dcps of the composite cylinder. One source of error of these
potentials lies in the surface potential ¢ of the simple cylinder
(Egs. A3-A6), the error of which reaches 5%, as stated in
Appendix A. However, for most values of «, the error is much
less. Furthermore, the errors compensate rather than accu-
mulate when one takes the difference of the free energies.
Therefore, the resulting relative error, even on the FED, is
expected to be small. We have tested this in the CPS model,
for an ionic radius of 0.095 nm, and for salt concentrations
ranging from 0.1 to 4 M. In this range, the maximum error
on the free energy was 2.5%, and 4% on the FED.

4. RESULTS
4.1. The electrostatic free energy

The electrostatic free energies and their difference are rep-
resented in Figs. 5 and 6 for the CS and CPS models, re-
spectively, for different ionic radii. The results are similar for
the two models, and they resemble that of the planar model
(Guéron and Demaret, 1992b), even though the three rep-
resentations of DNA are rather different. This indicates that
the results are not dependent on artifactural details of the

Fei/ KT
®
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FIGURE 5 (a) Electrostatic free energy per phosphate of B-DNA and
Z-DNA in the CS model for two ionic radii, 0.095 and 0.4 nm. (b) Elec-
trostatic FED per phosphate as a function of monovalent salt concentration
for 0.02 and 0.095 nm ionic radii. The dotted line corresponds to the total
FED derived from experiment (Pohl, 1983). It is shifted upward by 0.34 kT
units for clarity. In the comparison with theory, it is only the slope versus
salt concentration, not the absolute value of the FED, which is significant.
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FIGURE 6 (a) Electrostatic free energy per phosphate of B-DNA and
Z-DNA in the CPS model for two ionic radii, 0.095 and 0.4 nm. (b) Elec-
trostatic FED per phosphate as a function of monovalent salt concentration
for ionic radii of 0.02, 0.095, 0.235, and 0.4 nm. As in Fig. 5 b, the dotted
line is derived from experiment (Pohl, 1983), and only the slope versus salt
concentration is significant. The vertical line at 2.4 M corresponds to the
observed B-Z transition of poly d(CG). Assuming an ionic radius of 0.235
nm (see text), the nonelectrostatic FED, indicated by the full horizontal, is
therefore ~0.53kT. Similarly, the dashed lines correspond to the B-Z tran-
sition of poly d(mCG), which is observed at 0.7 M NaCl (Behe and Felsen-
feld, 1981). The crosses are the results, up-shifted by 0.6, of a study using
atomic structures for alternating CG (x) and 5-methyl-CG (+) (see Dis-
cussion).

representation and justifies the earlier use of the planar model
for explaining the B-Z transition. Further support for the
robustness of the model is provided by the modest effect
produced by a variation of its parameters. We tested the effect
of placing all phosphates at the average radius b instead of
using the distribution expressed by Egs. 16 and 17, for an
ionic radius of 0.095 nm, in the CPS model. The FED in-
creases by 7% in 1 M salt, increasing progressively up to 13%
in 107> M salt, with little effect on the high-salt slope. An-
other test consists in changing the radial distances of phos-
phates by +10% and ~10%. This shifts the FED by -0.08 kT
and by +0.09 kT, respectively, independently of the salt con-
centration.

Starting from very low salt concentrations, the elec-
trostatic FED increases slowly, favoring the B form, up to
~0.1-1 M. At higher concentrations the difference decreases
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strongly, driving the B-Z transition. The strong decrease be-
gins at salt concentrations for which the Debye length is
small enough to influence the scaling length (Eq. 8). This
corresponds to the transition from the nonlinear to the linear
electrostatic regime, which may therefore be a factor in the
high-salt B-Z transition.

The electrostatic free energy increases with the ionic ra-
dius, nearly independently of the salt concentration. This is
due mainly to the field energy in the region forbidden to the
center of the ion, surrounding the polyelectrolyte (Guéron
and Demaret, 1992a).

4.2, Direct comparison with experiment: the slope
in high salt

For concentrations between 1.5 and 5 M, Pohl (1983) could
derive the total FED from a study of the B-Z transition in
d(CG) oligomers of different lengths. His results correspond
to the dotted curve in Figs. 5 and 6 (vertically shifted for
clarity; the total FED is zero at 2.4 M NaCl). It displays two
main features. First, between 2 and 5 M salt, there is a linear
dependence of the FED on the logarithm of the salt con-
centration. The slope corresponds to an increment of 0.21 in
kT units per mole of phosphate when the salt concentration
is doubled. We shall denote this value as 85(2, 4) or simply
8F, where E stands for experimental, and we shall use it for
the comparison between theory and experiment. The second
feature is a reduction in the slope for salt concentrations
between 2 and 1.5 M.

The theoretical slopes 87(2, 4) and the curvature in lower
salt are in qualitative agreement with the experimental result.
The slope of the planar model (Guéron and Demaret, 1992b)
is equal to the experimental one, whereas those of CS and
CPS models are lower by a factor of 2 to 3, depending on the
model and the ionic radius (Table 2).

In the planar model, B-DNA is overscreened, Z-DNA is
not screened, and one obtains the largest theoretical slope. In
the CS model, there is too much screening for the Z form
because all the phosphate charges are lumped at the average
radius b, so that too much solution is included within the
radius of charge.

Let us compare the plain and rather successful CS model
with the simple cylinder. In the CS model, the charges are
placed close to the true radial distance of the DNA charges,
and they are bathed by solution on both sides. For a 0.02-nm
ionic radius, the FED slope is 0.298F (Fig. 5). To show the

TABLE 2 Experimental and theoretical slopes &*

Electrostatics of the B-Z Transition 1709

contribution of the sheath to this result, we increase c, the
core radius, up to b, thus eliminating the sheath, all other
dimensions being unchanged. The slope is reduced to 0.145%
(not shown).

In the simple cylinder, the radius of the cylinder is ap-
proximately that of DNA, 1 nm for B-DNA, and 0.9 nm for
Z-DNA. This model gives an FED slope of only 0.0138F
(Frank-Kamenetskii et al., 1985; Lukashin et al., 1991).
Since the cylinder is impenetrable, the potential outside is
independent of the radius chosen for the charge distribution.
Traditionally, the charges are located at the surface. In this
case, the source of the difference from the CS model with
zero-size sheath is that the charges are placed at an incorrect
and larger radius. Alternatively, we could place the charges
of the simple cylinder at the correct radius, the same as in the
CS model. The (erroneous) smallness of the FED slope of the
simple cylinder is then ascribed to the insulating layer be-
tween the charges and the solution.

The CPS model is the most careful with regard to the
distribution of DNA matter and charge and to the treatment
of the dielectric constant. Its FED values should therefore be
the most trustworthy. The value of —-8°FS increases progres-
sively with ionic radius, up to 0.1 kT, or 0.58F for a radius
of 0.4 nm (Table 2). It remains approximately constant be-
tween 0.4 and 0.6 nm and then decreases (not shown). The
slope is less for smaller ions because they provide internal
screening even for Z-DNA. In the case of very large ions, the
reduction is due to the lack of internal screening even for
B-DNA.

In this section we have compared the slope of the FED
versus salt concentration in high salt, as derived from theory
and from experiment. This is the only direct test of the theory.
The primary success of the sheathed-cylinder models is the
prediction of a slope that is in the range of the experimental
one, 85. We take this as a strong indication of the validity of
the models, and especially of the most detailed one, the
porous-sheath cylinder (CPS).

4.3. Indirect comparisons with experiment

Further comparisons can be made if we introduce the ex-
perimental value, 2.4 M, of the NaCl concentration for the
B-Z transition (Pohl, 1983). At this concentration, the total
FED is zero. Therefore, according to Fig. 6, and for an ionic
radius of 0.235 nm, the nonelectrostatic FED is —0.53T, or
-1.27 kl/mol phosphate.

Experimental* CS CPS
Ion radius — 0.095 0.02 0.095 0.235 0.4
88 -0.210 -0.072 -0.075 -0.085 -0.097 -0.110
8" 1 0.34 0.36 0.41 0.46 0.52

*This is the derivative of the electrostatic FED with respect to the natural log of salt concentration, expressed as the FED increment when the concentration

is doubled, at a salt concentration of 2.4 M.

Derived from Pohl (1983).

SIn kT units per phosphate, at 22°C (RT = 2.4 kJ/mol).
TRelative values.
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(a) We assume that the nonelectrostatic free energy is in-
dependent of ionic strength. Then the total FED at any salt
concentration is equal to the electrostatic FED minus 1.27 kJ,
and it can be read off Fig. 6 as the distance from the elec-
trostatic difference curve to the full horizontal line. The total
FED increases with salt concentration up to a broad maxi-
mum of 0.55 kJ/mol phosphate at 0.04 M salt. A similar trend
is observed in supercoiled DNA (Peck and Wang, 1983;
Singleton et al., 1982); however, the total FED increases
more strongly with salt, the maximum is higher (1.36 kJ/mol
phosphate), and it is reached at 0.2 M NaCl. In the com-
parison, one should keep in mind that the experiments are
carried out on supercoiled DNA and in 90 mM Tris-borate
buffer and that the derivation of the total FED involves a
statistical mechanics model and a best-fit procedure.

(b) With 5-methylcytosine (the d(mCG),, sequence), the
B-Z transition takes place at 0.7 M NaCl (Behe and Felsen-
feld, 1981), as marked by the dashed lines in Fig. 6. If we
neglect the modest changes in shape between the methylated
and nonmethylated sequences, the theoretical electrostatic
FED is not affected. The change in nonelectrostatic FED has
been ascribed to the hydrophobicity of the methyl group (Fu-
jii et al., 1982). Using the dashed horizontal line, we see that
the total FED in 0.1 M NaCl is smaller (in the ratio of 0.4
to 1) than for the nonmethylated compound, again in quali-
tative agreement with observations (a ratio of 0.34 to 1) in
Tris-borate buffer (Zacharias et al., 1988).

The existence of a maximum in the FED is also in line with
experiment. Furthermore, the theoretical FED in very low
salt (107> M) is quite small, suggesting the possibility of a
transition to the Z-form in low salt. The low-salt properties
of the (CG) and (mCG) duplexes will be discussed elsewhere
(Guéron and Demaret, in preparation).

(c) How is the high-salt transition affected by the size of
the counter-ion? Assuming that the nonelectrostatic FED is
independent of the counter-ion, the B-Z transition should
occur at the ionic concentration determined by the intersec-
tion of the appropriate curve in Fig. 6 with the horizontal line
(e.g., 0.75 M for an ionic radius of 0.095 nm). For ionic radii
close to 0.235 nm, we find that the transition concentration
c, varies as

log (c,/2.4) ~ 7(r — 0.235). (18)

From sodium to rubidium, the bare ion radius increases by
0.053 nm, so the transition concentration with rubidium
counter-ions should be 1.1 M more than with sodium,
whereas the experimental increment is 0.4 M (Soumpasis et
al., 1987a). The discrepancy may be due to the value of the
ionic radius, which depends on the extent of ionic hydration,
and this can differ according to the radius of the naked ion.

5. DISCUSSION
5.1. This model

The model presented here includes cylindrical representa-
tions of nucleic acids and the computation of their electro-
static free energy in the Poisson-Boltzmann theory. The re-
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sults were described in the previous section. The qualitative
agreement with a variety of experimental results supports the
premises of the theory: that the main feature of the electro-
statics of the B-Z transition is the immersion of B-DNA phos-
phates in the solution and that this feature can be described
by a cylindrical model in the Poisson-Boltzmann framework.

These premises find further support in the resemblance of
the results obtained in the different models (the CS and CPS
cylinders and the planar model) and in the difference between
these results and those of the simple cylinder models, the
phosphates of which, if placed at the proper radius, are in-
sulated from the solution.

The success of the composite cylinder models suggests
that the features which they do not describe in detail have a
modest influence on the electrostatics of the B-Z transition.
But they might be involved in the quantitative discrepancies
with experiment (e.g., of the high-salt slope 5).

DNA structure

The effect of cylindrical averaging may be studied by com-
paring our results with those of Poisson-Boltzmann studies
that use the atomic DNA structure. In Fig. 4, we show (X)
the charge in the grooves of B-DNA, without added salt, as
computed in one such study (Pack et al., 1991). The result
compares well with the charge in the sheath of the CS model.
In Fig. 6 we show (X, +) the salt-dependent part of the free
energy, for NaCl concentrations of 0.01, 0.1, and 0.2 M from
another study (Pack et al., 1986, 1991). Their variation with
salt is similar to ours. In another study using the atomic
geometry, the high-salt slope is one-half of the experimental
one (B. Honig, private communication); again, this result is
quite similar to ours.

Structure and binding of ions

There is experimental and theoretical evidence for the de-
hydration of cations interacting with phosphates or other
groups (as mentioned in section 2.3). The description of ions
by a single radius, which could be valid only if the hydration
is invariant, is therefore an arguable simplification.

This question is related to that of ion binding. In view of
the high local concentrations of cations in the vicinity of the
polyelectrolyte, binding sites with a dissociation constant as
large as 1 M will be partly occupied, and this will affect the
ionic distribution and the free energy. Ion binding has been
incorporated into polyelectrolyte theory (Guéron and Weiss-
buch, 1981; Delville, 1984). The nature, number, and affinity
of binding sites must be provided independently. A theoreti-
cal analysis (Matthew and Richards, 1984) assigns more
bound ions to Z- than to B-DNA.

Polyelectrolyte theory

We have referred above to general arguments suggesting that
the neglect of ion-ion correlations by the Poisson-Boltzmann
theory is less serious for properties of polyelectrolytes in
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solution than for properties of ionic solutions (Fixman,
1979). Comparative studies of DNA by Poisson-Boltzmann
theory and by a Monte Carlo approach support this view
(Klein and Pack, 1983; Pack et al., 1991).

5.2. A treatment of inter-ion correlations

There is another model that predicts a slope of the B-Z tran-
sition comparable to the experimental one (Soumpasis,
1984). In contrast to the present model, which emphasizes the
geometrical differences between B-DNA and Z-DNA, the
earlier model gives much attention to inter-ion correlations.
In view of the high salt concentration at the B-Z transition
of poly d(CG), it therefore avoids the mean-field Poisson-
Boltzmann theory and treats the interactions between ions
(including phosphates) with an approach based on the po-
tential of mean force. The ions are hard spheres, with a
unique closest approach parameter g, denoted here as 0. The
computation of the free energy involves approximations and
is carried out to leading order. One finds that the slope 8 is
strongly dependent on o;. Agreement with the experimental
slope in high salt is obtained for o, = 0.49 nm. Agreement
of the theoretical salt concentration of the transition with the
experimental one is dependent on the assumption that the
nonelectrostatic FED is zero. There is no reduction of the
FED in low salt, in contrast to the experimental results
(Singleton et al., 1982; Peck and Wang, 1983).

The theory has also been used for the computation of the
transition concentration in solutions of different monovalent
cations (Soumpasis et al., 1987a). By adjusting o as before,
one obtains agreement with experimental data for Na, K, Rb,
and Cs. Other ions, such as lithium, ammonium, and am-
monium derivatives, are considered to be in a different
category.

A problem with this approach is that the complexity of the
potential of mean force computations leads to the use of
simplified models, which may be ill-adapted to the treatment
of the correlations that the theory is meant to account for.
A severe simplification is in the description of DNA: the
effect of solute ions on the electrostatic interaction between
phosphates, which governs the electrostatic free energy,
is computed as if all of the neutral DNA matter (i.e., bases
and sugars) were absent and replaced by the solution
(Soumpasis, 1984; Soumpasis et al., 1987b; Soumpasis and
Jovin, 1987; Garcia and Soumpasis, 1989; Klement et al.,
1990). This is a poor description of DNA and its interface
with the solution, and it must bring more solute ions close
to phosphates than there should be on the average. A more
recent model does take neutral DNA in account, but its ap-
plication to the B-Z transition has not been reported (Klement
et al., 1991).

There is also a problem with the computation of the tran-
sition concentration. The assumption that the nonelectro-
static FED is zero lacks theoretical justification. In the

- Poisson-Boltzmann model (this work), the nonelectrostatic
FED (equal and opposite to the electrostatic FED at the tran-
sition concentration of 2.4 M) is large; setting it to zero would
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lead to a transition concentration very much higher than that
observed (Fig. 6).

6. CONCLUSION

In the present work we have developed the notion that the
principal feature contributing to the electrostatic FED be-
tween B-DNA and Z-DNA is the larger volume available for
screening of the phosphate charges in the grooves of B-DNA.
Cylindrical models incorporating this feature were de-
scribed, and their electrostatic free energy was computed in
the Poisson-Boltzmann theory. Our results are in qualitative
agreement with experimental data, which may be interpreted
directly or indirectly in terms of the electrostatic free energy.

The simplicity of the model entails a risk of simplification
or even distortion. But it has several advantages. The con-
cepts, for instance the characteristic length /. of the electric
field at the surface of a polyelectrolyte, or the charge in the
sheath ug,, or the cylindric averaging of DNA matter, are
easily understood. The smallness of the computational load
makes it easy to vary either the properties of the model, such
as the averaging of the DNA charges or the structure of the
sheath representating the DNA grooves, or the parameters of
the problem, such as ionic concentration and ionic size. This
has helped us to determine and emphasize the features that
appear to be most significant for the electrostatics of the B-Z
transition.

We thank J. Lepage for help in the drawing of Fig. 1. This work was begun
while J-P. Demaret was at the Laboratoire de Biochimie de 1’Ecole Poly-
technique.

APPENDIX A: THE SURFACE POTENTIAL OF A
PLANE AND OF A SIMPLE CYLINDER

We again consider the case when salt anion and cation have the same va-
lence. The surface potential w of a plane is given by (Weisbuch and Guéron,
1981)

w = (2/2) log (x + (x* + 1)?) = (2/z) sinh ' x (Al)
with
x=MNTh (A2)

where A and Th are defined by Egs. 4 and 10, respectively.

A simple cylinder is one with neither sheath nor outer matter. Precise
algebraic approximations have been derived (Stigter, 1975; Weisbuch and
Guéron, 1981) for its reduced surface potential ¢(&, b). For a highly charged
cylinder (1 < £) we started from the planar potential and computed ap-
propriate corrections:

HED) = 0+ b (A3)

where w is the surface potential of a plane having the same surface density
o (Eq. 14)and

Peors = — (2/2)[2€ — 0.45 + 1.8/x'? + 3e/x]. (A%)

In this expression, € is the ratio of the cylinder radius b to the Debye
length A. Using Eq. 3, we have

x = MTh = zfe. (AS5)
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In the case of a weakly charged cylinder (¢ < 1), we found that the
deviation of the surface potential from Debye-Hiickel (Stigter, 1975) is well
represented by the factor

1/(1 + /(5 + 20€%).
Hence

(&, b) = 2£[log (1 + /€))L + £4(S + 20€2)). (A6)

The surface potentials given by Eqs. A3 to A6 have been computed to
be between £ = 0 and £ = 5, a range that includes the values used in the
computation of the free energy, and for € between 10-2 and 10, which for
DNA corresponds to monovalent salt concentrations between 1075 and 10
mol/liter. In this entire range, the algebraic expression for the surface po-
tential deviates by less than 5% from the value obtained by numerical in-
tegration of the Poisson-Boltzmann equation with a fourth-order Runge-
Kautta algorithm. The largest errors occur near £ = 1, which is as expected,
since this is the connection point between the small and large § cases, ¢corr
being correct in the two limits of £— 0 and £ — .

APPENDIX B: ESTIMATION OF THE CHARGE OF
THE CYLINDER WITH SHEATH (CS MODEL)

This estimation is based on the scaling length of the electric field, the deri-
vation of which for a cylinder is similar to that used previously for the plane
(Guéron and Weisbuch, 1980). We start from the Poisson-Boltzmann equa-
tions. In water, we obtain from Eqs. 6 and 7:

d*d/dr? + (1/r) ddldr = (A%z) ! sinh (z¢b) (B1)
(ddldr), = —28/b. (B2)

The equations for a plane with the same surface charge density o would
be the same except for the absence of the (1/r)(d¢/dr) term. We take the ratio
of the equations at r = b:

(11, — 1/b) = € sinh (z $(£, b))/(2&z b). (B3)

This gives the scaling length at the surface of the cylinder as a function
of the potential. It is always smaller than b. Introducing the counter-ionic
charge concentration p:

p(b)e = —2nzsinh (zd(£, b)) = —sinh (z $(&, b))/(dmlzzA?) (B4)

we have

(UL, — 1/b) = —2mbl,(p(b)e)/E. (BS)

Comparing to the plane with the same surface charge density, one also has
(11, — 1/b)I,F = sinh (2¢ (£, b))/sinh (zw). (B6)

Next, we estimate the linear charge parameter corresponding to the ions
in the sheath (i) in two limiting cases, (b — ¢) << /!l'. < band I'. <<
(b — ¢) = b, where !',, the scaling length for the electric field at b.,, is given
by Eq. B3, in which £ is replaced by u’. The general case is then treated by
interpolation.

In the first case, the ionic concentration is roughly constant in the sheath.
Hence, to first order in (b — c)/b,

uyV = =2mb(b — c)lppble = —u'(b — NAN,) - (UB)). (BT)

In the second case, screening takes place over a length much smaller than
(b — ), so that the screening ions are symmetrically distributed around the
charged surface. Hence uy,® = —u'.

A simple interpolation between the two cases is

ug = —w (', — UbYUb — ) + I, — 1/b). (B8)

The potential at the charged surface for a given u' is obtained by Egs.
A3-A6 and B3, in which ' is substituted for £and I', for /.. Eq. B8 provides
the relation between ug, and &', and hence between u’ and u. Last, the surface
potential is obtained by Eq. 11.
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This procedure was checked against values of ug, derived from the sur-
face potential computed by integration of the Poisson-Boltzmann equation
(Fig. 4). The results are fairly good within the range of £ = 0 to 5 and for
salt concentrations between 102 and 10 M. The maximum relative error on
ugn, reached in the case of 1 M salt, is 20%.
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